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Subscripts 
w " Wall 

1. Introduct ion 

The behavior o f  fluctuations o f  the wall flow 

variables in a turbulent boundary layer with trans- 
verse curvature is of  fundamental importance in 
many practical applications involving flow-in- 
duced noise. In flow-induced noise research, it is 
very important to know the space-time charac- 
teristics of  the wall pressure and shear-stress 
fluctuations because they are closely related to the 

generation o f  dipole noise (Blake, 1986). 
The instantaneous wall pressure and shear 

stresses are signatures of  the phenomena occur- 
ring above the wall, and thus there have been 
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many studies of the behavior of the wall flow 
variables for a flat turbulent boundary layer 
(Choi and Moin, 1990) as well as an axial tur- 
bulent boundary layer (Neves et al., 1994), Most 
of them, however, have focused on the wall pres- 
sure fluctuations in turbulent boundary layers, 
and relatively few detailed measurements of the 
wall shear-stress fluctuations have been made. 
The sealing law in the wall pressure power spec- 
trum and the functional dependence of p,~,.~/ 
ru, on the Reynolds number are relatively well 

established (Choi and Moin, 1990; Farabee and 
Casarella, 1991). Recenlly et al. (1999) reported 
the space=time characteristics of the wall shear- 
stress fluctuations in a channel flow but there is 
almost no consensus on the scaling laws for the 
wall shear-stress power spectrum and the func- 
tional dependence of rt,~,s/r, on the Reynolds 
number for an axial turbulent boundary layer 
with transverse curvature, even though several 
measurements of the wall shear stress have been 
made (Wietrzak and Lueptow, 1994; Alfredsson 
et al., 1988). Here, Pw is the wall pressure fluc- 
tuations, r~----/z3u'/~gy[w is the wall shear-stress 
fluctuations, r~=#at~/aylw is the mean shear 
stress on the wail, and u '  is the streamwise veloc- 
ity fluctuations. Accurate measurements of the 
wall shear-stress fluctuations are made difficult 
by the problems associated with spatial resolu- 
tion and frequency response of the probe and 
also with heat conduction to the wall. In gener- 
al, the complete wall shear-stress spectral data 
needed for the above mentioned research efforts 
are still lacking. 

The main objective of this work is to compute 
the complete (three-dimenslonal) wall shear- 
stress spectra, as a function of streamwise and 
spanwise wavenumbers and frequency, using data 
from direct numerical simulation of turbulent 
boundary layer with transverse curvature (Shin, 
2OOO). 

2. Numerical Method 

The governing equations for an incompressible 
flow are 

OUt-o (1) OXl-- 

Out.+ O u i u j _ _  ~p +1_ azt. 
at 8x~ - ~x, Re ~x~x~ (2) 

where xs are the coordinates, and ul are the cor- 
responding velocity components, We developed 
the code using generalized coordinates in ! and 
2 directions and Cartesian coordinates in the 
3 direction, All variables are non-dimensionaliz- 
ed by the boundary layer thickness 8" and the 
free=stream velocity u~,, and R e  is the Reynolds 
number, Re=u®~*/v, where v is the kinematic 
viscosity, 

The time integration method used to solve 
Eqs. (I) and (2) is based on a fully implicit, 
fractional step method (Choi and Moin. 1990; 
Kim and Choi, 2004), All the spatial derivatives 
are approximated with the second order central 
difference method. We performed direct numeri- 
cal simulations of axial turbulent boundary 
layers with spanwise curvature. The details of  
the direct numerical simulation can be referred 
in Shin (2000). 

In order to study the effects of curvature on 
a axial turbulent boundary layer, we considered 
three bounadary layer thicknesses, ~/a----2, 5 and 
10. We used a computational mesh with 64x 
95×192 nodes for 8/a=2. 5 and 128×95×320 
nodes for B/a-----10. The meshes for the axial and 
circumferential directions are uniform and the 
ones for the normal direction are generated from 
hyperbolic tangent function. 

3. Computation of the 
Frequency Spectrum 

The power spectrum as a function of the fre- 
quency is calculated using the same method as 
in Choi and Moin ([990). The fully developed 
axial turbulent boundary layer flow fields with 
transverse curvature that was previously simu- 
lated by Shin (2000) are used as the data base. 
We considered 4,992 as the total time step with 
the computational time step of A t ' = l . 4 7 x  10 -s 
~/Ur, 1.705XI0-3~/Ur and 1.28×10-s~/u for 
8/a~2, 5 and 10. respectively. The shear stresses 
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and pressure at the cylinder surface are stored 
every two steps and thus the sampling resolu- 
tion is At=2.94X 10-~d/ur, 3.41 × IO-~d/u~ and 
2.56 × IO-~d/u for d/a=2.5 and 10, respectively. 
They correspond to At+=0.490, 0.659 and 0.557 
in wall units. The total record of N--2496 time 
samples, covering T~=7.346/u,, 8.51d/u, and 
6.38d/ur for d/a=2, 5 and 10, respectively, is 
divided into m=12  over lapping segments (with 
50% overlap), each containing M=2N/(m+ 
1) =384 points. The resulting resolved frequency 
range is 0<a~<i068Urd, 0<(.0~916ur/d and 
0<~o<1231u~/d for d / a = 2 ,  5 and 10, respec- 
tively. Their frequency resolutions are A¢o=5.57 
u~/d, Aw=4.55uJd and Aa~=6.41u~/d for 
d/a=2, 5 and 10, respectively. 

The shear-stress fluctuations at the wall, rt(x, 

z, t)=/ auTayl  and rs(x, z, t)= aw'/Oyl , 
as well as the wall pressure fluctuations, #w(x, z, 
t),  are Fourier transformed in the x, z and t 
directions and the power spectral density, ~(k~, 
k~, a~), is computed. Here, x and z denote the 
spanwise and axial directions, respectively, k~ and 
ks denote the spanwise and streamwise wave 
numbers, which have the ranges of 0 <  k~ < 31.5/ 

8, 0<ks<47 .5 /d  for d/a=2 and 5, and 0 < k t ~  
63.5/~, 0<ks~79 .5 /~  for d / a=10 .  The resolu- 
tions are Ak~= I /8  and Ak3= 1 (2~) for d / a = 2  
and 5, and A k , = l / d  and A k s = l / ( 3 d )  for d/a= 
10. 

One- and two-dimensional power spectra, q~ 

(k~), qS(ks), ~b(w), $ ( k .  k,) and $(ks, o)), are 
obtained by integrating ~'(k], ks, ¢0) over the 
remaining one or two variables. Auto-correlation 
functions are obtained by the inverse Fourier 
transformation. For example, 

R(r,, r , ) = ~ r ( k ~ ,  a~) e ' ~ e  ''°~' (3) 

where r3 and rt denote the spatial and temporal 
separations, respectively. 

4. Power Spectra 

Figures 1~3 show the one-dimensional power 
spectra of rl=pOu'/Oy [w and r3=pOu'/Oy [w for 
8/a=2, 5 and 10. Here each spectrum satisfies 
the following condition : 

foo*(~( ~°) da~= fo**~(k') dk'= fo "*qS(~) dk3 (4) 
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The frequency power  spectrum, ~b(~v), o f  r~ 

is nearly constant  at low frequencies, while  that  

of  rz decreases as the frequency increases [Figs.  

l ~ 3 ( a )  ].  The  s t r eamwise -wave -number  piwer  

spectrum ~b(k~) has s imilar  characterist ics  as 

~b(~o) [Figs .  l ~ 3 ( b ) ] .  The  s imilar i ty  between 

¢(ks )  and ~b(o~) is due to the convective na- 

ture of  the wall shear-stress f luctuations.  On the 
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other hand, the spanwise-wave-number power 

spectrum ~b(kl) is very different from q~(m) and 

if(ks); if(k1) increases as the wave number in- 
creases at low wave numbers. It is also notable 

that there is a maximum power at k~c~5,  2 and 
l for r~/a=2, 5 and 10, respectively. Jeon et al. 

(1999) reported that the spanwise wave length 
corresponding to these wave numbers are very 
close to the mean streak spacing near the wall 

(Kim et al., 1987 ; Kline ctal . ,  1967). 
At low wave numbers and frequencies° spectra 

of  ra are larger than those of r~, but they are near- 
ly the same at high wave numbers and frequencies 
as 8/a increases, meaning that small scale fluc- 
tuations of  both r~ and r3 have almost the same 
power when large curvature exists. On the hand, 

for a given flow variable (rt or r~), there is more 
power in ~b(ks) than in ~b(kl) at low wave num- 
bers as d/a decreases. For 8/a = 10, power spec- 

tra of  ~b(k3) and ~b(kl) are almost same at low 
wave numbers. For relatively high wave numbers, 
~b(kl) than in ¢(ks), indicating that small scale 
fluctuations in the spanwise direction are more 

energetic than those in the st!'eamwise direction 

for small curvature effect but the reverse is true for 

large curvature effect. 
Comparison of the computed power spectrum 

of rs with the existing experimental and simu- 

lation data for flat and axial turbulent boundary 
layers are provided in Fig. 4. Chol and Moin 

(1990) showed that the wall pressure spectra of  
different Reynolds numbers collapse at high fre- 

quencies when they are normalized with the inner 
variables (ur and v), while they collapse at low 
frequencies when normalized with the outer 

variables (Uo and 8*). Here Uo and t~* are the 
free-stream velocity and displacement thickness. 
Figures 4(a) and 4(b) show the normalizations 

of  the spectra ~b(m) with the inner and outer 
variables, respectively, as was done in Choi and 

Moin (1990); neither normalization produces a 
collapse like Jeon et a1.(1999) reported. 

Fig. 5 shows the comparison between the ex- 

perimental and the simulation data. The experi- 
ment is done by one of the authors. It shows that 
as the momentum Reynolds number increases, 
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power spectra nomalized by inner variables be- 
come larger. The simulation and experimental 
data agree very well when momentum Reynolds 
numbers are around 850. 

Figure 6 shows the frequency/streamwise 
wave number spectra of the wall pressure fluc- 
tuation. The spectrum ~(k~, co) is normalized by 
its mean square value to satisfy the following 
condition 

f® f**#(ks, 02) dcodk,= 1 (5) 
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Figure 10 shows the two-point auto-correla- 

tions of  the wall flow variables as functions of  

the streamwise and spanwise separations for d /  

a = 5 .  The d /a=2  and 10 cases show similar 

behavior• It is clearly seen that the spatial dis- 

tributions of  the wall shear-stress fluctuations 

are very different from that  of  the wall  pressure 

fluctuations.  Negat ive spanwise  cor re la t ion  oc- 

curs for r~ and rs, but  negative streanwise cor-  

re la t ion occurs for Pw. Channel  flow (Jeon et al., 

1999) shows that  s imi lar  corre la t ion  behavior  for 

r~ and ~ in s t reamwise direct ion but  negative 
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streamwise correlation for r] occurs where posi- 

tive streamwise correlation for rs still exists. The 

negative maximum correlation at ra* ~ ! 50 for p~ 

and at r~ + ~30  and 40 for ri and z'a, respectively. 

In Fig. l l, contour plots of R ( r x  +, R~') for 

~ / a = 5  are drawn for rt, rs and Pw. Here rx + 

and r~  mean r~  and r~, respectively. The ~ / a  = 

2 and 10 cases show similar behavior. The con- 

tours for ra are elongated in the streamwise direc- 

tion due to the streaky structures. There are neg- 

ative contours in the spanwise direction for r~ 

and rs and in the streamwise direction for #,~ 

and the contours do not show an absolute sym- 

metry. Channel flow (Jeon et al., 1999) also 

shows similar characteristics. 

The two-point  correlations R ( r t  +, r ] )  of  the 

wall flow variables for iS~a=5 are shown in Fig. 

12. Here rz + means rs +. The 6 / a = 2  and 10 cases 

show similar behavior. The strong convective 

property of the  wall flow variables is displayed by 

the concentration of  the contours into narrow 

bands. Even though the wall pressure fluctuations 

have the narrowest contour shapes, the contour 

level for ,h~, at given rz* and r~  is much lower 

than that for ra. By comparing the correlation 

values in Fig. 12, it can be deduced that rs has 
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the strongest convective characteristics. The rea- 
son that ~ has relatively wide contour shapes is 
due to its elongated shape in the streamwise 
direction. It is also interesting to not that the 
wall pressure correlation has negative contours, 
while others do not, which is consistent with the 
behavior of R ( r  +, R +) at rx + shown in Fig. 11. 

5. Summary 

The space-time characteristics of  the wall 
shear-stress and pressure fluctuations were inves- 
tigated using data from direct numerical simu- 
lation of axial turbulent boundary layers. The 
three-dimensional power spectra as a function 
of the streamwise and spanwise wave numbers 
and frequency were obtained. It was shown from 
one-dimensional power spectra that at low wave 
numbers and frequencies, the power of r~(x, z, 
t) =#Ow'/~ylw is larger than that of r l=gOu ' /  
Oy[w, while the powers of tl and r~ are almost the 
same at high wave numbers and frequencies. The 
streamwise-wave-number power spectrum ~b(/~) 
has similar characteristics as ~b(co), which is 
due to the convective nature of the wall shear- 
stress fluctuations. It was seen from the power 
spectra that small scale fluctuations in the span- 
wise direction have more power than those in the 
streamwise direction. The streamwise/spanwise 
wave number spectra, ¢)(ki, ks), show that more 
power is distributed in the kz in the direction 
than in the k3 direction when small curvature 
effect exists, but the reverse is true when large 
curvature effect dominates. The effects are espe- 
cially true for ~ and i0w and the change is mo- 
derate for r]. In two-point auto-correlatlons, 
negative correlation occurs in streamwise separa- 
tions for pw, and in spanwise separations for 

and r3. the elongated structure of r~ in the 
streamwise direction and the positive and nega- 
tive pairs of ~ in the spanwise direction were 
demonstrated in one- and two-dimensional cor- 
relations. 
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